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Abstract. We show that there can be no new Lorentz invariant kinetic interactions
free from the Boulware-Deser ghost in four dimensions in the metric formulation of
gravity, beyond the standard Einstein-Hilbert, up to total derivatives. We use dimen-
sional deconstruction as a way to motivate a non-linear ansatz for potential new ghost
free kinetic interactions for massive gravity, bi-gravity and multi-gravity in four and
higher dimensions. These interactions descend from Lovelock terms, and so naively
one might expect the interactions to be ghost free. However we show that these new
interactions inevitably lead to more than five propagating degrees of freedom. We
then perform a general perturbative analysis in four dimensions, and show that the
only term with two derivatives that does not introduce a ghost is the Einstein-Hilbert
term. This result extends to all orders in perturbations.
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1 Introduction
The kinetic terms of theories with spin greater than zero are generically tightly con-
strained by the requirements of Lorentz invariance and unitarity of the quantum theory
(or stability of the classical theory). For example, it is well known for massive elec-
tromagnetism that even after the gauge invariance is broken by the mass term, the
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kinetic term must remain gauge invariant to prevent the existence of ghosts [1].
However, it was shown in [2] (see also [3, 4] and [5]) that at the linear level around
a Minkowski background there are non-gauge invariant ghost-free kinetic terms for a
spin-2 field, and it was conjectured that there may be a non-linear diffeomorphism-
violating completion that avoids the Boulware-Deser (BD) ghost [6] when coupled to
matter.1 The existence or nonexistence of non-standard BD-ghost-free kinetic terms
has major implications for massive gravity, bi-gravity, and multi-gravity. For example,
it was shown in [10] that new kinetic terms would be required for the existence of
partially massless gravity (for more on partially massless gravity see [11–15]). Addi-
tionally, new kinetic interactions, if they existed, could change the form of the Hamil-
tonian constraint in the minisuperspace, possibly allowing for the existence of exact
FRW solutions in massive gravity [16]. Finally, if massive gravity could allow for new
kinetic interactions, it might lead to modifications of gravity not only in the infrared.
Furthermore it was shown in [17] that the BD-ghost-free [18–23] dRGT mass
terms can be derived from a five dimensional Einstein-Hilbert term using the method
of Dimensional Deconstruction. There it was found that it was crucial to discretize
the vielbein, and not the metric. See [24–29] for other work on applying Dimensional
Deconstruction to gravity on a flat compact dimension. But there is one other ghost
free kinetic term in five dimensions: the Gauss-Bonnet term! Thus it is extremely plau-
sible that if there are new kinetic interactions in massive gravity, they can be derived
from Dimensional Deconstruction. Conversely, if Dimensional Deconstruction applied
to Gauss-Bonnet causes the constraints present in the continuum theory to be lost, it
seems unlikely that there could be another combination of non-standard kinetic terms
that propagates five degrees of freedom.
We will show that Dimensional Deconstruction applied to Gauss-Bonnet pro-
duces interactions that propagate more than five degrees of freedom when discretized
using the prescription in [17]. However, the derivative structure of Gauss-Bonnet is
more intricate than that of Einstein-Hilbert, and so it is more sensitive to the pro-
cess of discretization. In a generic theory involving interactions of quadratic or higher
order in the Riemann curvature, such as R2µρρσ, the theory will contain an Ostragrad-
ski ghost since the action contains higher derivative interactions R2 ∼ (∂2h)2. The
Gauss-Bonnet term is special precisely because the dangerous higher derivative inter-
actions arise as a total derivative. By discretizing the y derivative, we break the total
derivative structure, and make the higher derivative pieces physical. The failure of the
deconstruction procedure is already evidence that new kinetic interactions do not exist.
1Note that, like dRGT massive gravity, the goal is to construct a gravitational theory that prop-
agates five degrees of freedom around every background, and so is free of the sixth Boulware-Deser
mode. However, there may be pathological backgrounds where one of the five propagating degrees
of freedom becomes ghost-like (for examples, see [7–9]). We emphasize that we are not addressing
existence of pathological backgrounds in this work, we are only concerned with the Boulware-Deser
ghost.
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We further perform a perturbative analysis to identify potentially new BD-ghost-
free kinetic terms. We find that any new kinetic interaction must be identical to the
Einstein-Hilbert term up to quartic order. The absence of new terms beyond quar-
tic order is easily established since any such term should at leading nontrivial order
in perturbations be BD-ghost-free when introducing Stu¨ckelberg fields for linearized
diffeormorphisms (diffs). However, it has already been established that there are no
new kinetic terms that satisfy this criterion beyond cubic order [2], and consequently
there can be no nonlinear completion of such terms. As a result, we prove to all
orders in perturbations that there can be no other Lorentz covariant kinetic
term for massive gravity than the standard Einstein-Hilbert one, up to total
derivatives. The results presented in this paper agree with the special cases considered
in [5].
The rest of the paper is organized as follows: in section 2 we shall review the
reasoning behind conjecturing that there could be interactions with linearized diffs.
In section 3 we shall apply Dimensional Deconstruction to the Gauss Bonnet term
in five dimensions as a physically motivated ansatz for a non-linear completion for
these terms. We shall review how Dimensional Deconstruction can be applied to the
five-dimensional Einstein-Hilbert term to produce BD-ghost-free massive gravity, bi-
gravity, and multi-gravity. However, the resulting interactions can easily be shown
to have ghosts already in the minisuperspace approximation. Thus in section 4 we
perform a brute force perturbative analysis, and show that up to quartic order the
only term that propagates no more than five degrees of freedom is the Einstein-Hilbert
term. This rules out any new kinetic interaction to all orders in the metric language.
The only allowed terms with more than two derivatives must be total derivatives.
2 Review of Massive and Kinetic Interactions
General Relativity is the interacting theory of a massless spin 2 particle. This means the
theory must propagate 2 helicity-2 degrees of freedom around an arbitrary background
in 4 space-time dimensions. This requirement is strong enough to completely fix the
action for pure gravity (see for example [30–34]). The only allowed term with no
derivatives is the cosmological constant. The only allowed term with two derivatives
on the metric is the Einstein-Hilbert term.
2.1 Terms allowed by the linearized Stu¨ckelberg decomposition
Similarly, the defining feature of massive gravity is that it propagates the five degrees
of freedom of a massive spin 2 particle. This constraint is again very powerful, and
only a handful of interactions are allowed. This was shown already at the linearized
level by Fierz and Pauli, [1] and was extended non-linearly in [18, 19].
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2.1.1 Fierz-Pauli Theory
Focusing for a moment at the linear level, it has was shown by Fierz and Pauli that
the theory for a non-interacting massive spin-2 field H has to be
SFP =
∫
d4x
(
−M
2
Pl
4
Hµν Eˆαβµν Hαβ +
m2M2Pl
4
L(m)2
)
, (2.1)
where Eˆ is the Lichnerowicz operator which corresponds to the linearized Einstein-
Hilbert kinetic term and L(m)2 is the Fierz-Pauli mass term,
Eˆαβµν Hαβ = −
1
2
(
✷Hµν − 2∂(µ∂αHαν) + ∂µ∂νH − ηµν(✷H − ∂α∂βHαβ)
)
, (2.2)
L(m)2 =
1
2
(
H2 −H2µν
)
. (2.3)
At this level H is a non-interacting massive spin-2 field living on flat space-time, and so
(2.1) is not a theory of gravity. All indices are raised and lowered with respect to the flat
Minkowski metric. The kinetic term H EˆH is invariant under linear diffeomorphisms,
but the mass term breaks that symmetry. We can nevertheless restore it by use of the
linear Stu¨ckelberg decomposition
Hµν =
hµν
MPl
+
1
mMPl
(∂µAν + ∂νAµ) +
2
m2MPl
∂µ∂νπ , (2.4)
so that the theory is invariant under linear diffs and under an additional U(1) symme-
try,
δξhµν = ∂µξν + ∂νξ , δξAµ = −mξν (2.5)
δΛAµ = ∂µΛ , δΛπ = −mΛ . (2.6)
The Stu¨ckelberg decomposition allows us to identify the degrees of freedom: hµν repre-
sents the helicity-2 mode (2 dofs), Aµ the helicity-1 mode (2 dofs) and π the helicity-0
mode (1 dof). The linearized Einstein-Hilbert kinetic term is of course insensitive
to that decomposition H EˆH = hEˆh, and the helicity-0 and -1 modes A and π only
appear in the mass term. The combination that enters in the Fierz-Pauli mass term
(2.3) is special in that it does not generate more than two derivatives on any of the
fields when performing the linearized Stu¨ckelberg decomposition (this will be refered
as Property 1). Any other combination would have led to a term going as (✷π)2 which
by Ostrogradsky’s theorem [35] would have signaled the presence of a ghost, (this is
typically known as the Boulware-Deser (BD) ghost, [6] see also [24, 36, 37]).
2.1.2 New mass terms starting at higher order
In principle one could be also include new terms which respect the same following
property:
Property 1. At leading order in that new term, it must be free of any higher derivatives
when performing the linearized Stu¨ckelberg decomposition (2.4).
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The Fierz-Pauli mass term is actually not the only potential term that satisfies the
property, in four dimensions, there are two additional contributions which are re-
spectively cubic and quartic order in H , (we include the Fierz-Pauli mass term for
comparison and completeness)
L(m)2 =
1
22
εµναβεµ′ν′αβH
µ′
µH
ν′
ν (2.7)
L(m)3 =
1
23
εµνραεµ′ν′ρ′αH
µ′
µH
ν′
ν H
ρ
ρ′ (2.8)
L(m)4 =
1
24
εµνρσεµ′ν′ρ′σ′H
µ′
µH
ν′
ν H
ρ
ρ′H
σ
σ′ , (2.9)
where ε is the Levi-Cevita symbol (ε = {0, 1,−1} and does not depend H). One
can easily see that when performing the linear Stu¨ckelberg decomposition (2.4), none
of these terms lead to any higher derivatives in any of the fields. This statement is
exact and does not rely on any decoupling limit analysis or other approximation. It
has been shown that these three potentials for H were the only one satisfying this
property [18, 19] and there are no other potential term that does not lead to an
Ostrogradsky instability for one of the Stu¨ckelberg fields introduced by performing the
linear Stu¨ckelberg decomposition (2.4).
One important subtlety is that only L(m)2 can generate a kinetic term for the
Stu¨ckelberg , and so to avoid having infinitely strongly coupled degrees of freedom, we
cannot include L(m)3 or L(m)4 without also including L(m)2 .
2.1.3 New kinetic terms starting at higher order
Just like we were able to find ‘new’ mass terms at higher order for the Fierz-Pauli
theory, one can try the same endeavour for the kinetic terms. Could there be other
allowed derivative interactions in the theory of a pure massive spin-2 field (i.e. not a
theory of gravity)?
As with the mass terms, a necessary condition for a potentially new kinetic in-
teraction is given in Property 1. Such a term was identified recently in [2]2 at cubic
order in four dimensions (we include the Einstein-Hilbert term L(der)2 for comparison
and completeness),
L(der)2 = Hµν Eˆαβµν Hαβ =
1
2
εµνρσεµ
′ν′ρ′σ′ησσ′∂ρHµµ′∂ρ′Hνν′ (2.10)
L(der)3 = εµνρσεµ
′ν′ρ′σ′Hσσ′∂ρHµµ′∂ρ′Hνν′ . (2.11)
This procedure can be generalized to an arbitrary number of dimensions, (with more
terms in higher dimensions). In four space-time dimensions it was shown that L(der)2,3
were the unique terms that satisfy the required Property 1 [2].
2This term was actually identified previously in [3] but using a helicity decomposition argument
which fails at higher order, see [38].
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Here again notice that we cannot include L(der)3 without also including L(der)2 .
Furthermore as mentioned earlier the Stu¨ckelberg fields do not enter the Einstein-
Hilbert term L(der)2 and their kinetic term arise from L(m)2 . Since the Stu¨ckelberg do
enter L(der)3 , one cannot consider L(der)3 without also including L(m)2 .
Such an analysis can only tell us about the leading order behavior in an expansion
of a non-linear interaction. We now seek to go beyond the leading order approximation
and see if there exists a non-linear completion to these derivative interactions.
2.2 Non-linear completions
So far the Fierz-Pauli theory (be it implemented with the ‘new’ terms L(m)3,4 and L(der)3 or
not) is the theory for a massive spin-2 field which does not interact with anything else.
If we would like this theory to be relevant for gravity, the spin-2 field needs to interact
with matter and Hµν is part of a dynamical metric, for instance gµν = ηµν + Hµν .
Linearized diffeomorphism should then be traded for general coordinate invariance i.e.
diffeomorphism invariance.
Rather than introducing the linearized Stu¨ckelberg decomposition which would
restore linearized diffeomorphism invariance, we should thus consider the full non-linear
Stu¨ckelberg decomposition [24, 39]
Hµν =
hµν
MPl
+
1
mMPl
∂(µAν) +
2
m2MPl
∂µ∂νπ
−ηρσ
(
∂µAρ
mMPl
+
∂µ∂ρπ
m2MPl
)(
∂σAν
mMPl
+
∂σ∂νπ
m2MPl
)
. (2.12)
where (a, b) = ab + ba. We could consider another metric but restrict ourselves to
Minkowski for simplicity.
The physical relevance of this non-linear Stu¨ckelberg decomposition is that upon
taking the decoupling limit m→ 0,MPl →∞ with Λ3 ≡ (m2MPl)1/3 fixed, the modes
decouple from one another and live on the flat reference metric. For this reason we
may once again identify hµν as the helicity-2 mode, Aµ as the helicity-1 mode, and π
as the helicity-0 mode (see [38] and [20] for more detailed discussions). So in order for
an interaction to be BD-ghost-free it must also satisfy the following property:
Property 2. If at leading order, a term satisfies Property 1 then in the decoupling
limit its non-linear extensionmust be free of any higher derivatives on any
of the fields when performing the non-linear Stu¨ckelberg decomposition
(2.12).
This is a necessary condition for the absence of the BD ghost but not always a sufficient
one. From the very nature of the non-linear Stu¨ckelberg decomposition (2.12), it is clear
that the leading order terms by themselves cannot respect Property 2 and should thus
be extended or rather completed fully non-linearly. This should come at no surprise
since we are used to dealing with fully non-linear interactions in General Relativity.
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2.2.1 Non-linear completion for the mass terms
This Property 2 is what uniquely fixes the fully non-linear completion of the mass
terms (2.7), (2.8) and (2.9), (see Ref. [18] and Ref. [40] for a review)
Leading order Fully non-linear realization
L(m)2 −→ L¯(m)2 =
√−g EµναβEµ′ν′αβKµ′µKν′ν
L(m)3 −→ L¯(m)3 =
√−g EµνραEµ′ν′ρ′αKµ′µKν′νKρρ′
L(m)4 −→ L¯(m)4 =
√−g EµνρσEµ′ν′ρ′σ′Kµ′µKν′νKρρ′Kσσ′ ,
(2.13)
These three families of terms are fully non-linear for instance L¯(m) = H2+H3+· · ·
and contain an infinity of terms but we keep the subscripts to indicate at which order
that term starts. Here again we cannot consider L¯(m)3,4 without also including L¯(m)2 .
In the previous expressions, E is the Levi-Cevita tensor and the tensor K is given
by
Kµν ≡ δµν −
(√
g−1f
)µ
ν
, (2.14)
where as mentioned previously, we take the reference metric fµν = ηµν for simplicity
and Hµν is part of the dynamical metric
gµν = ηµν +Hµν . (2.15)
As mentioned previously, Property 2 is a necessary condition for the absence of a BD
ghost but not always a sufficient one. A more general requirement is given by the
following condition
Property 3. If at leading order, a term satisfies Property 1 then its non-linear exten-
sion must be such that when performing an ADM decomposition, the
Lagrangian must be put in a first order form which involves no time
derivatives neither on the shift N i nor on the lapse N0. Furthermore
the determinant of the Hessian Lµν = δ
2H/δNµδNν must vanish, (where
H is the Hamiltonian).
Property 3 is in fact a necessary and sufficient condition to guarantee that 5 or fewer
degrees of freedom propagate (although it does not guarantee that all of them are
healthy). It implies Property 2, however it is also computationally more difficult to
check and is also more physically obscure.
This property ensures that the shift and the lapse do not enter the phase space (i.e.
only the spatial part of the metric and its conjugate enter, leading to 12 phase space
variables) and that a combination of the shift and the lapse propagates a constraint
reducing the phase space to 10 variables corresponding to five physical degrees of
freedom. This argument was first formulated in [18] and carried out for the mass
terms (2.13) in [19] and [22, 23]. The proof for the absence of a BD ghost for the
three possible mass terms (2.13) was also carried through in the Stu¨ckelberg language
[20, 41] and the connection with Property 2 was established in [21]. In the case of these
mass terms, Property 2 is indeed sufficient and ensures Property 3 but as we shall see
below this is not the case for the kinetic terms.
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2.2.2 Non-linear completion for the kinetic terms
The same non-linear completion can be undertaken for the kinetic terms. The most
obvious fully non-linear extension to L(der)2 is that satisfies Property 2 and Property 3
is the Einstein-Hilbert term.3 However, we can raise the question of whether or not
this completion is unique.
Furthermore in [2] it was conjectured that L(der)3 is in fact the leading order piece of
a fully non-linear term L¯(der)3 that propagates five degrees of freedom and should thus
satisfy Property 2 and Property 3. The situation can be summarized as
Leading order Fully non-linear completion
L(der)2 −→
{
L¯(der)2 =
√−g R[g]
Other non-linear completions ?
L(der)3 −→ L¯(der)3 = ?
(2.16)
In this paper we shall see that the only completion of the linearized Einstein-
Hilbert term is the Einstein-Hilbert term4 and that there is no possible completion
to the kinetic term L(der)3 . In order to gain physical insight into the origin of such a
term L¯(der)3 or other completions to L(der)2 , we now turn to higher dimensions and apply
dimensional deconstruction to the Lovelock terms in five dimensions.
3 Kinetic Interactions from Deconstruction
3.1 Deconstruction and Massive Gravity
First we review how dimensional deconstruction can be used to generate the BD-ghost-
free dRGT mass terms (2.13). Following the same deconstruction procedure as in [17],
we consider five-dimensional gravity and discretize the vielbein in the extra dimension.
We denote by xµ the continuous 3 + 1 coordinates and by y the coordinate along the
discretized extra dimension. We perform a spatial ADM decomposition setting the
lapse to unity and the shift to zero
g
(5d)
AB (x, y)dx
AdxB = dy2 + gµν(x, y)dx
µdxν = dy2 + eaµ(x, y)e
b
ν(x, y)ηabdx
µdxν .(3.1)
For simplicity we consider a discrete extra dimensions with two sites, localized respec-
tively at y = y1,2. We denote by e the vielbein at the site 1 and by f the vielbein at
the site 2, eaµ ≡ eaµ(y1) and faµ ≡ eaµ(y2). The derivative of the vielbein on one site is
then given
∂ye
a
µ(y1) = −m(eaµ − faµ) , (3.2)
3The Einstein-Hilbert term actually satisfies Property 2 trivially since the Stu¨ckelberg fields do
not enter the full Einstein-Hilbert term, since it is covariant.
4This statement is more profound than it may seem: Requiring that no more than five degrees of
freedom propagate in the kinetic term we deduce that only the Einstein-Hilbert term is acceptable,
which is covariant and by itself only propagates two degrees of freedom.
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where the scalem is related to the discretization scale (i.e. the inverse distance between
the sites). In terms of the metric, this implies
Kµν(x
µ, y1) =
1
2
∂ygµν(x, y1) = −m
(
gµν(x, y1)− 1
2
(eaµf
b
ν + e
a
νf
b
µ)
)
. (3.3)
Even for a fixed reference metric fµν = f
a
µf
b
νηab, the vielbein formalism introduces an
additional local Lorentz symmetry. We may use this symmetry to go to the Deser-
van Nieuvenhuizen gauge eaµf
b
νηab = e
a
νf
b
µηab for which Kµν = −m
(
gµν − eaµf bνηab
)
=
−m (gµν − gµαeαafaν ) [42, 43]. It is easy to show that as a consequence of this gauge
choice,
eµaf
a
αe
α
b f
b
ν = e
µ
afα,be
α,af bν = g
µαfµν , (3.4)
and thus we find the following expression for the discretized extrinsic curvature
Kµν (x
µ, y1) = −m
(
δµν −
√
gµαfαν
)
≡ −mKµν(g, f) . (3.5)
Thus we see that the square root structure of Kµν characteristic of the dRGT model
of massive gravity follows automatically from discretizing the extra dimension directly
in the vielbein language .
A specific example of dRGT massive gravity is obtained by taking the spatial
ADM form for the action for five-dimensional gravity,
S5d =
M35
2
∫
d5x
√
−g(5d)R[g(5d)] = M
3
5
2
∫
dyd4x
√−g ((4)R[g] + [K]2 − [K2]) ,(3.6)
where we use the notation that square brackets represent the trace of a tensor and
substituting in the discretized expression for the extrinsic curvature.
Now as explained in [17], discretizing the extra dimension in the vielbein language
is equivalent to replacing the extrinsic curvature with the above square root function
(3.5) of the metric and the reference metric and simultaneously replacing the integral
over the extra dimension its projection over one site5,∫
dyL(x, y) −→ m−1 L(x, y1) (3.7)
Kµν −→ −mKµν(g, f) . (3.8)
In the case of two sites, this leads to a specific four-dimensional theory of massive
gravity,
S4d =
M2Pl
2
∫
d4x
√−g ((4)R[g] +m2 ([K]2 − [K2])) , (3.9)
5Alternatively one can also consider the sum of the different sites,
∫
dyL(x, y) −→ m−1∑i L(x, yi),
and obtain instead a theory of multi-gravity with as many interacting and dynamical spin-2 fields as
there are sites.
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with
M2Pl =
M35
m
. (3.10)
Moreover by changing the discretization every so slightly, i.e. for each of the two
y-derivatives in K2 one can give a different weight to the different sites,
(∂ye
a
µ)(∂ye
b
ν) = 4m
2(reaµ − (1− r)faµ)(sebν − (1− s)f bν) , (3.11)
with 0 < r, s < 1 and we easily generalize the deconstruction procedure to obtain all
the possible four-dimensional mass terms presented in section 2.2.1
S4d =
M2Pl
2
∫
d4x
(√−g (4)R[g] + m2
2
(
L¯(m)2 + α3L¯(m)3 + α4L¯(m)4
))
, (3.12)
with L¯(m)j given fully non-linearly by eqn. 2.13, and α3,4 two dimensionless constants
related to r and s.
We now follow the same procedure to include the higher-dimensional Lovelock
invariants and motivate a non-linear completion for new kinetic interactions for the
graviton.
3.2 Lovelock Interactions
The deconstruction framework is easily generalizable to many sites and many extra
dimensions. This is discussed in more detail in [17]. With these extra dimensions,
come new Lovelock invariants which are a generalization of the scalar curvature which
keep the equations of motion second order in derivatives. In D = 2n and D = 2n− 1
dimensions, there are n such Lovelock invariants, which are given by
S
(j)
Lovelock =
∫
dDx
√−g Eµ1···µ2jµ2j+1···µDEν1···ν2jµ2j+1···µD
×Rµ1ν1µ2ν2 · · ·Rµ2j−1ν2j−1µ2jν2j , (3.13)
for j = 1, · · · , n = [(D + 1)/2]. The Lovelock invariant with j = 0 is simply the
cosmological constant, and j = 1 corresponds to the well-known Einstein-Hilbert Ricci
Scalar action. The Lovelock invariant which is quadratic in the curvature corresponds
to the Gauss-Bonnet term, which is a special combination of the Riemann tensor, the
Ricci tensor and the scalar curvature,
S
(2)
Lovelock = 4(D − 5)!
∫
dDx
√−g (R2µνρσ − 4R2µν +R2) . (3.14)
In four dimensions, this combination is a total derivative, but in dimensions larger
than four, the Gauss-Bonnet term is dynamical. The same remains true for all the
Lovelock invariants j which are total derivatives in D = 2j dimensions and dynamical
in dimensions larger than 2j. When considering the deconstruction framework, it does
therefore make sense to start with the most general higher dimensional action which
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is free from any ghost-like pathology, namely to start in D dimensions with all the n
Lovelock invariants and discretize the extra dimension(s).
The cosmological constant remains a cosmological constant in the lower dimen-
sional picture after discretization. As seen previously the Einstein-Hilbert action leads
to massive gravity in the lower-dimensional picture, and as we shall see below, the
higher-order Lovelock invariants lead to kinetic interactions in the lower-dimensional
picture.
3.3 Deconstruction of Gauss-Bonnet
In what follows we simply apply the deconstruction procedure presented in section
3.1 and the replacements (3.7), (3.8) to ‘deconstruct’ five-dimensional Einstein-Gauss-
Bonnet gravity. For that we perform a 4 + 1 spatial ADM split and work in the
five-dimensional Deser-van Nieuvenhuizen gauge (3.1).
As seen previously, the Einstein-Hilbert term leads to a specific four-dimensional
theory of massive gravity (and the other possible mass terms can be obtained via
alternative discretizations with different weight on the different sites). So in what
follows we focus on the Gauss-Bonnet term. In the ADM decomposition, the Gauss-
Bonnet Lagrangian (3.14) is given by
SGB =
M35
m2
∫
d5x
√−g ((5)R2ABCD − 4(5)R2AB + (5)R2)
=
M35
4m2
∫
d5x
√−gEµναβEµ′ν′α′β′
[
Rµνµ′ν′Rαβα′β′ − 1
12
Kµµ′Kνν′Kαα′Kββ′
+Kµµ′Kνν′Rαβα′β′
]
, (3.15)
where we emphasize that Eµναβ represents the fully antisymmetric Levi-Cevita tensor.
We see appearing the four-dimensional Gauss-Bonnet contribution which is a total
derivative in four dimensions,
L4dGB =
√−gEµναβEµ′ν′α′β′Rµνµ′ν′Rαβα′β′ , (3.16)
which can also be expressed in terms of the dual Riemann tensor
∗Rµνµ
′ν′ = EµναβEµ′ν′α′β′Rαβα′β′ , (3.17)
which is transverse.
Upon substitution (3.8), we directly see appearing one of the mass terms combina-
tions, L4 = EEKKKK, which could also have been obtained from the Einstein-Hilbert
curvature if one chose a non-trivial discretization, so the two first terms in (3.15) are
not fundamentally new. However the second line of (3.15) leads to a new non-trivial
kinetic interaction which mixes both metric Kµν to the Einstein tensor, leading to the
new four-dimensional interaction
S4dKK∗R = M
2
Pl
∫
d4x
√−gKµνKαβ ∗Rµανβ . (3.18)
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As in the case for the mass terms, a different choice of discretization naturally
leads to yet another interaction which can be obtained by simply performing the shift
Kµν → gµν + Kµν . We then immediately see that the new kinetic interaction (3.18)
generalizes to yet an additional one (still in four dimensions)
S4dKG = −
M2Pl
4
∫
d4x
√−g gµνKαβ ∗Rµανβ (3.19)
= M2Pl
∫
d4x
√−gKµν Gµν , (3.20)
where Gµν is the Einstein tensor.
As described in [17], by changing the discretization procedure we will simply
change the weights of the terms S4dKG and S
4d
KK∗R.
Interestingly the interaction (3.19) reduces to L(der)2 at leading order (at that order
(3.19) is indistinguishable from the Einstein-Hilbert term) and the interaction (3.18)
reduces to L(der)3 also at its leading order (cubic order in that case). It is thus natural to
expect that (3.19) could be an alternative non-linear candidate for L¯(der)2 different than
the Einstein-Hilbert term and (3.18) could be a completion for L¯(der)3 . Unfortunately
as we shall see below both these terms L4dKG and L4dKK∗R have an Ostrogradsky ghost
and are thus not appropriate candidate for these completions.
3.4 Ghosts in the Minisuperspace
It is straightforward to see that these terms contain ghosts already in the minisuper-
space approximation (which is a consistent truncation of the action)
g00 = −N2(t), g0i = 0, gij = a2(t)δij . (3.21)
Here N(t) represents the lapse and the Hamiltonian ought to be linear in it.
In the minisuperspace approximation the two kinetic interactions become
SKG = 3
∫
dtd3xa3N
(
2
a˙2
a2N2
− a˙
2
a3N2
+
a˙2
a2N3
)
SKK∗R = 24
∫
dtd3xa3N
(
a˙2
a2N2
− a˙
2
a3N2
+
a˙2
a2N3
− a˙
2
a3N3
)
. (3.22)
Ghosts arise in both of these actions because of the terms scaling as 1/N2, which causes
N to appear non-linearly in the Hamiltonian form, violating Property 3. Furthermore,
it is clear that we cannot take any combination of the two actions to remove the ghost.
One possible out is to return to the original discretization in the vielbein. In
order to express the kinetic terms in a metric language, we have assumed the DvN
gauge condition 3.1 holds, which follows from discretizing the equation ΩABy = 0 for
the spin connection in second order form. It is also possible to discretize in the viel-
bein in a first order form, where the vielbein EA and the spin connection ΩAB are
treated independently, and we only solve for the spin connection after discretizing.
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Such a discretization procedure will introduce torsion, and there may not be a metric
formulation. Exploring this possibility is beyond the scope of this work.
Faced with this result we now open the spectrum of possibilities by systematically
considering every possible term up to quartic order and show that only the Einstein-
Hilbert term is allowed. The result holds beyond the quartic order expansion as we
shall explain below.
4 No go theorem
The fact that the terms that arise naturally from deconstruction fail to propagate five
degrees of freedom is already an indication that it may be impossible to find new kinetic
interactions. Nevertheless, in this section we present an all orders perturbative proof
that there can be no new kinetic interactions in massive gravity in four dimensions, so
long as there is a local metric formulation of the interactions.
Let us first outline the argument before discussing the details:
• We will write down the most general Lorentz invariant Lagrangian of the form
(∂H)2Hn, up to quartic order in H . There are a total of 4 + 14 + 38 = 56
parameters.
• By demanding that the Lagrangian satisfied Property 2, we will be left with a
4 parameter family of potentially BD-ghost-free Lagrangians in four space-time
dimensions.
• We then perform a perturbative ADM analysis on the remaining 4 parameter
Lagrangian and find that there is only one choice of parameters that does respect
Property 3. The resulting uniquely determined Lagrangian is equivalent to the
Einstein-Hilbert action at quartic order. This means that only the Einstein-
Hilbert term is an allowed kinetic term, and the derivative term L(der)3 that started
at cubic order has no completion.
Leading order Fully non-linear completion
L(der)2 −→
{
L¯(der)2 =
√−g R[g]
No other completions.
L(der)3 −→ L¯(der)3 does not exist.
(4.1)
• If there were any new allowed kinetic term it should satisfy Property 1. But as
we have seen in section 2.1.2, only L(der)2 and L(der)3 satisfy Property 1 so there
can be no new kinetic term that arises beyond the cubic order. Since L(der)3 has
no completion and L(der)2 has a unique completion as the Einstein-Hilbert term,
this is the only possible kinetic term for massive gravity. This completes the all
orders argument.
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4.1 Decoupling limit
As a first step we will consider the decoupling limit of the possible kinetic interactions.
In the massive gravity limit we can write a general theory with kinetic interactions as
S =
M2Pl
2
∫
dDx
√−gR + m
2M2Pl
2
∫
dDx
√−g
∑
n
αnL¯(m)n + Λ2der
∫
dDxLder , (4.2)
where Lder is fully non-linear and should include the non-linear completion of L(der)3 if
it exists and any other non-linear completion of L(der)2 . We consider Lagrangians of the
schematic form Lder ∼ (∂2Hn), where H is the unitary gauge metric fluctuation.
We have a scale Λder that is not fixed in terms of the other parameters. The only
requirement is that one cannot scale the theory in such a way that L(m)n +L(der) remains
without L¯(m)2 , (as seen earlier, new kinetic terms can only be present if the graviton
is massive). In order to be able to perform the standard decoupling limit scaling, we
take Λ2der = MPlΛ3 = Λ
4
3/m
2, although the results are independent of that very scale.
If we change the scale, Λder we could still consider an equivalent decoupling and keep
track of only the terms at most linear in h or quadratic in A, while keeping the terms
to all order in what is then the helicity-0 mode π.
As discussed in Section 2, the new interaction in [2] was found using a linear
Stu¨ckelberg decomposition. That is sufficient to find the leading order piece of an
interaction. However to find a non-linear completion we will need to use the nonlinear
Stu¨ckelberg decomposition (2.12).
We would like to ensure that there are only five propagating degrees of freedom.
So long as the interaction has 1 or fewer powers of h, this is equivalent to the condition
that the equations of motion for all fields have two or fewer derivatives. However once
we consider interactions with higher powers of h, the analysis becomes more subtle.
The interpretation of Aµ and π as the physical helicity 1 and 0 modes, which works
around flat space, does not work around a general curved background because the
curvature introduces mixings between the fields. At linear order in h this poses no
problem, because we may think of the background metric as being η. However at
higher order in h we must think of η + h as the background metric. Stated another
way, when we move to higher orders in h we should really introduce the Stu¨ckelberg
fields as four diff scalars φa. In order to propagate five degrees of freedom, we must
check that the hessian ∂2Lder/∂φ˙a∂φ˙b has a zero eigenvalue. In the decoupling limit,
we may simply interpret this as saying that π must have second order equations of
motion. However in general beyond the decoupling limit (i.e. at higher order in h),
this subtlety becomes important. If one naively computes the equations of motion for
φ0, one would find higher order equations of motion, but a more careful analysis shows
that there is one constraint among the equations of motion for the φa and so only 3×2
pieces of initial data are needed to specify the time evolution of the four Stu¨ckelberg
φa. For more details see [20].
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As a result, when writing down terms in the action beyond linear order in h,
we may not conclude that a ghost is present simply by finding that the equations of
motion include third or higher time derivatives acting on h, A, and π, since these are
not the true physical degrees of freedom. Thus we will only work to linear order in
h in the decoupling limit. This is the essence of Property 2. As we will see even this
requirement alone is quite constraining. We will then further constrains the terms by
performing a genuine ADM analysis which is valid beyond the decoupling limit. This
corresponds to Property 3.
In the decoupling limit, a general interaction of the form ∂2Hn looks like
L(n)der ∼
Λ43
m2
Hn−2∂H∂H
∼ m2nh+nA−2Λ4−3(nh+nA+nπ)3 (∂2)hnh(∂A)nA(∂2π)nπ . (4.3)
Since the Stu¨ckelberg decomposition is nonlinear, in general n 6= nh + nA + nπ. By
inspecting this equation, we see that we may use our requirement that the equations
of motion be at most second order in derivatives for all interactions up to the scale Λ3
and still have nh ≤ 1.
Once we eliminate the dangerous interactions at this scale, we can no longer use
the criteria of second order equations of motion to check for ghosts. Any higher scale
involves terms with nh > 1.
6
Note that unlike the case for the mass terms, all interactions which come in at the
scale Λ3 or below will have too many derivatives per field to have second order equations
of motion. This means we must cancel all interactions (up to total derivatives) that
come in at Λ3.
4.1.1 Relationship with standard Stu¨ckelberg analysis
In this work we are not working with the Stu¨ckelberg analysis in its usual representa-
tion, but rather using the non-linear helicity decomposition, as described in [38]. In
particular we are not using attempting to reintroduce covariance. Rather, we are re-
maining in unitary gauge, and simply performing a field redefinition in order to identify
the physical degrees of freedom.
We may at any stage move to the standard Stu¨ckelberg language by performing
the gauge transformation to the metric gSµν as follows
gµν(x
a) = gSab(Φ
a)∂µΦ
a∂νΦ
b, (4.4)
6Note that this analysis does not crucially depend on choosing Λ2
der
= Λ43/m
2. Keeping a general
Λder, we still see that canceling interactions coming in at a scale below any interaction with nh > 1
amounts to canceling all interactions with general npi and either nA ≤ 2, nh = 0 or nA = 0, nh ≤ 1.
Thus it is not possible to avoid this decoupling limit analysis by simply choosing a smaller value for
Λder. However the choice Λ
2
der
= Λ4
3
/m2 allows for a nicer physical interpretation of the result and so
we will make this choice.
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with Φa = xa+ 1
mMPl
Aa+ 1
m2MPl
∂aπ. If we further decompose gSµν = ηµν +
1
MPl
hSµν , then
in this gauge, Hµν is given by
Hµν = gµν − ηµν
=
1
MPl
hSab(Φ
a)∂µΦ
a∂νΦ
b +
1
mMPl
∂(µAν) +
2
m2MPl
∂µ∂νπ
−ηρσ
(
∂µAρ
mMPl
+
∂µ∂ρπ
m2MPl
)(
∂σAν
mMPl
+
∂σ∂νπ
m2MPl
)
. (4.5)
Equating this with our field redefinition 2.12, we see that the unitary gauge
helicity-2 field hµν that we work with in this paper is related to the helicity-2 field
in the Stu¨ckelberg gauge by
hµν = h
S
ab(Φ
a)∂µΦ
a∂νΦ
b. (4.6)
The BD-ghost-free analysis of this section may be performed in either gauge.
However we can make a stronger statement: the analysis of the kinetic interactions is
the same in both languages in the decoupling limit. To see this, first note that in the
decoupling limit, at linear order in the unitary gauge helicity 2 field hµν we can write
the derivative interactions as
Lder = hµνY µν , (4.7)
where Y µν ∼∑nπ Λ4−3nπ3 ∂2 (∂2π)nπ . Since Y µν is higher derivative in π, we must have
that Y µν = 0.
We may then restate this analysis in terms of the Stu¨ckelberg gauge helicity 2
field hSµν as follows
Lder = hSab(Φa)∂µΦa∂νΦbY µν
= hSµν(x)
(
Y µν +
1
Λ33
(2∂σ∂
µπY σν − ∂σ(Y µν)∂σπ) + · · ·
)
= hSµν(x)Y
S, µν , (4.8)
where in the last line we have defined Y S = Y + 1
Λ3
3
∂(∂πY )+ · · · . Since the relationship
between Y and Y S is trivially invertible, and since we must have that Y = 0, it follows
that Y S = 0 as well. Thus we see that the same condition must be imposed in both
gauges, namely that all terms with nh = 1 must vanish. Furthermore since the fields
π and Aµ are the same in both gauges, as discussed in [38], the interactions with
nh = 0 must vanish in the decoupling limit in both gauges as well. Thus while we
will continue to work in the unitary gauge description, the conclusions of this section
would be unchanged had we done the analysis in the Stu¨ckelberg gauge.
4.1.2 Quadratic Order
At quadratic order the most general term of the form ∂H∂H has 4 free parameters.
However, since any interaction must satisfy Property 1 at leading order, there is only
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one possible term at quadratic order, which is nothing else but the linearized Einstein-
Hilbert term denoted by L(2)a for reasons that will be clear later
aL(2)a = −2aL(der)2 (4.9)
Note once again that only the helicity-2 part of the spin-2 field enter that kinetic term
(even though this was not a requirement) and the helicity-1 and -0 should thus gain
their kinetic term from L(m)2 . The proper normalization for the helicity-2 mode sets
a = 1/8.
4.1.3 Cubic Order
Now we move onto the most general term at cubic order of the form ∂2H3. We may
use integration by parts to put the action in the form H∂H∂H , and we are left with
14 terms7
L(3)gen = b1Hµν∂µHρσ∂νHρσ + b2Hµν∂µHσ ν∂σH + b3Hµν∂µH∂νH
+ b4H
µν∂σH∂
σHµν + b5H∂µH∂
µH + b6H
µν∂ρHµσ∂
σHρ ν
+ b7H∂µHνσ∂
σHµν + b8H
µν∂ρHµσ∂
ρHσ µ + b9H∂µHνσ∂
µHνσ
+ b10H
µν∂σH
σ
µ∂ρH
ρ
ν + b11H
µν∂µH
ρ
ν∂σH
σ
ρ + b12H∂µH
µν∂σH
σ
ν
+ b13H
µν∂ρHµν∂
σHρσ + b14H∂
µH∂νHµν . (4.10)
We take the total Lagrangian up to cubic order, including the ghost free contribution
from quadratic order
L = aL(2)a + L(3)gen (4.11)
and perform the nonlinear Stu¨ckelberg decomposition given by Eq. 2.12. Note that it
is crucial to keep L(2)a because of the non-linearity of the Stu¨ckelberg decomposition.
We then focus on interactions that come in at or below the scale Λ3 and demand
that the equations of motion contain fewer than two time derivatives per field. This
results in 12 independent conditions on the 14 parameters cubic order parameters bj .
The result is that there are three free parameters, which we may take to be a, b1, b2.
We emphasize that the nonlinear Stu¨ckelberg decomposition is crucial, this fixes some
of the bj in terms of a (as is already expected from General Relativity). We can then
write the most general Lagrangian, which is ghost free up to the scale Λ3 (i.e. that
satisfy Property 2), as
L(3)g.f.,Λ3 = a
(L(2)a + L(3)a )+ b1L(3)b1 + b2L(3)b2
= AEHLEH + AKGLKG + AKK∗RLKK∗R, (4.12)
where L(3)a,b1,2 are defined in (A.4-A.6) and
AEH = 4a+ 32b1 − 8b2, AKG = 32b1 − 8b2, AKK∗R = a− 3b1 + b2, (4.13)
7There are 16 possible contractions of the form H∂H∂H , but 2 linear combinations of these are
total derivatives.
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and where the nonlinear terms may be expressed up to cubic order as
LEH =
√−gR = 1
4
[La −Lb1 − 4Lb3]
LKG =
√−gKµνGµν = −1
4
[
La − 3
2
Lb1 −
11
2
Lb2
]
LKK∗R =
√−gKµνKµ′ν′ ∗Rµµ′νν′ = Lb1 + 4Lb2 = L(der)3 . (4.14)
The explicit form of Lg.f.,Λ3 is given in A.3. Note that expressing Lg.f.,Λ3 in terms of
cubic expansions of the non-linear terms is merely meant to be suggestive. Of course
any nonlinear term expressible in terms of the parameters a, b1, and b3 at cubic order
would be ghost free at this level as well.
Interestingly, the interactions arising from deconstruction are free of ghosts up to
the scale Λ3. The term LKK∗R is manifestly equivalent to L(der)3 at cubic order. More
interesting is the term LKG, which is degenerate at quadratic order with the Einstein-
Hilbert term, but becomes different at cubic order. Of course, this term has a ghost
at higher scales as we have seen in Section 3. Nevertheless, deconstruction generates
a natural guess for the kinetic interactions, that pass a nontrivial check.
Thus up to cubic order we see two remarkable facts:
• First we re-confirm that the appearance of a new term L(der)3 , which is independent
of L(der)2 , i.e. L(der)3 does not arise as the cubic extension of L(der)2 but rather as its
own new and independent kinetic interaction as was already argued in (2.1.3).
• Second we see that L(der)2 can have two different completions up to cubic order in
the decoupling limit. The first one LEH is nothing else but the Einstein-Hilbert
term to that order. This is exactly as expected from (2.16). However there is
another possible completion of the linearized Einstein-Hilbert term L(der)2 at cubic
order which is not the cubic Einstein-Hilbert term but rather the term LKG. So
this term could be a natural candidate for the second line of (2.16), but as we
have already seen this term has actually a ghost non-linearly and we will confirm
this by acting Property 3.
4.1.4 Quartic Order
At quartic order the analysis is very similar as that at cubic order. We start with the
most general terms of the form ∂2H4. After removing all total derivative combinations
there are 38 free parameters:
L4 =
38∑
j=1
cj
[
H2∂H∂H
]
j
. (4.15)
The 38 contractions H2∂H∂H are written explicitly in A.7. Actually in four and fewer
dimensions one of these combinations cancels exactly, but we shall keep it for now as
– 18 –
the analysis is applicable to any number of dimensions.
Repeating the procedure we followed at cubic order, we find the most general
ghost free quartic lagrangian can be written in terms of five parameters: a, b1, and b2,
as well as two new parameters c1 and c2
L(4)g.f.,Λ3 = a
(L(2)a + L(3)a + L(4)a )+ b1 (L(3)b1 + L(4)b1 )+ b2 (L(3)b2 + L(4)b2 ) (4.16)
+c1L(4)c1 + c2L(4)c2 ,
where L(4)c1,2 are expressed in (A.8) and (A.9) and L(4)a,b1,2 in (A.10-A.11).
L(4)c1 and L(4)c2 represent interactions appearing at the quartic level that are not
completions to the previous cubic or quadratic terms (they enter independently from
La and from Lb1,2). Thus these are ‘new’ kinetic interactions. However we know that
in four dimensions there can be no new terms that satisfy Property 1 so these terms
should not be present in four dimensions. The resolution lies in the following two facts:
First, at the moment we have only applied the Property 2, and not yet Property 1
nor Property 3. As we shall see below Property 3 removes one of these new kinetic
quartic terms (and so would Property 1).
Second, so far this analysis has worked for general space-time dimension D. If we
now specialize to D = 4, the following combination is identically zero,
L(4)c1 + 4L(4)c2 ≡ 0. (4.17)
In D > 4, this term corresponds to a term invariant satisfying Property 1 at its leading
quartic order and can be written as
Lc1 + 4Lc2 =
1
12(D − 5)!ǫ
a1···aDǫb1···bD (∂a1Ha2b2) (∂b1Ha3b3)Ha4b4Ha5b5
∏
5<j≤D
ηajbj .
(4.18)
Then redefining c1 − c24 → c1 the Lagrangian has 4 parameters
L(4)g.f.,Λ3 = a
(L(2)a + L(3)a + L(4)a )+ b1 (L(3)b1 + L(4)b1 )+ b2 (L(3)b2 + L(4)b2 )+ c1L(4)c1 (4.19)
= aLa + b1Lb1 + b2Lb2 + c1Lc1
= AEHLEH + AKGLKG + AKK∗RLKK∗R + A4Lc1 ,
where the non-linear LagrangiansLa,b1,b2,c1 are defined in (A.13-A.16) andAEH , AKG, AKK∗R
are given by (4.13) with A4 =
a
8
− 63
8
b1 + 2b2 + c1.
The Einstein-Hilbert and the terms arising from deconstruction may be written
in terms of these new parameters as
LEH = 1
4
[La − Lb1 − 4Lb2 ]
LKG = −1
4
[
La − 3
2
Lb1 −
11
2
Lb2 −
15
16
Lc1
]
LKK∗R = Lb1 + 4Lb2 −
1
8
Lc1. (4.20)
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The term Lc1 does not correspond to a non-linear completion found by deconstruction,
nor satisfying Property 1, however we will show in the next section that it has indeed
a ghost so we will not attempt to construct a candidate non-linear completion.
4.2 Perturbative ADM analysis
We will now perform a perturbative ADM analysis on the action written in unitary
gauge. We could have started by performing the ADM analysis straight away rather
than first going to the decoupling limit. However the decoupling limit analysis per-
formed previously is (a) more physical (it identifies the propagating degrees of freedom
and the potential presence of Ostrogadsky ghosts), (b) it can be performed without
needing to perform a (3+1)-split and is thus more efficient at eliminating sets of terms,
(c) for the mass terms the decoupling limit analysis was sufficient to deduce the correct
non-linear completion for all the mass terms. Here we see that the last point does not
apply for the kinetic terms, but Property 2 was still sufficient to eliminate most of the
possible kinetic interactions that arise up to quartic level. We now see that Property 3
eliminates the three last free coefficients (namely b1, b2 and c).
We start with the action in unitary gauge (i.e. fix the gauge where Aµ = 0 and
π = 0) and work with the metric in ADM form
gµνdx
µdxν = −N2dt2 + γij
(
N idt + dxi
) (
N jdt+ dxj
)
. (4.21)
We then expand gµν around flat space
gµν = ηµν +Hµν , (4.22)
and express the action L(4)g.f.,Λ3 in terms of the ADM variables so as to apply Property 3
on the quartic order Lagrangian (4.19).
4.2.1 The ultralocal limit
First we work in the ultralocal limit. This will eliminate two of the four possible free
parameters we found in the decoupling limit analysis. We expand the metric around
around flat space8
N = 1 + δN(t)
N i = δN i(t)
γij = (1 + δa(t)) δij . (4.23)
At cubic order, we find that there is a contribution at the level of the Lagrangian
L(3)g.f.,Λ3 ⊃ (4b1 − b2)
d(δNi)
2
dt
d(δa)
dt
. (4.24)
8Technically this is not a consistent truncation, because we are introducing a preferred direction in
δN i without maintaining the isotropy in γij . However, our conclusions will not depend on the detailed
form of the Hamiltonian, but merely on the existence of very dangerous terms at the Lagrangian level,
and so we for the result we find the truncation we use is consistent.
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This term violates Property 3 and cannot be put in first order form without involving
time-derivatives of the shift. This means that if 4b1− b2 6= 0 there would be new phase
space variables which would signal the presence of an Ostrogadsky ghost9. Thus we
impose the condition 4b1 = b2.
After imposing this condition, at quartic order we find a similarly dangerous term
L(4)g.f.,Λ3 ⊃ c1
d(δNi)
2
dt
d(δa)2
dt
. (4.25)
This must be cancelled by setting c1 = 0. Thus in D ≤ 4 there can be no contribution
from a term that starts at quartic order. This was already anticipated from Property 1
but we have provided here a consistency check.
After imposing these two conditions we have a two-parameter family of quartic
order Lagrangians
L(4)Λ3+m.s. = aLa + b1 (Lb1 + 4Lb2) = 4aLEH + 4(a+ b1) (Lb1 + 4Lb2) . (4.26)
Interestingly, the extra parameter corresponds to the natural extension of L(der)3 to
quartic order.
4.2.2 Including Inhomogeneities
Finally we can eliminate the final parameter by allowing for some spatial dependence
in the x direction. We take
N = 1 + δN(t, x)
N i = δN i(t, x)
γij = (1 + δa(t, x)) δij . (4.27)
The Lagrangian contains the term
(a+ b1)
dδNi
dt
δN iδNj∂iδa. (4.28)
This gives a kinetic term for Ni, adding 3 new phase space degrees of freedom to the
system. These are 3 degrees of freedom in addition to the 3 degrees of freedom that
arise from violating diffeomorphism invariance. Since the kinetic term for the Ni de-
grees of freedom starts at cubic order, these extra degrees of freedom would be strongly
coupled. It is also known that if the graviton propagates more than five degrees of free-
dom, the extra modes inevitably lead to instabilities [6].
9The primary and secondary Hamiltonian constraints present in massive gravity are sufficient to
remove two of the phase variables in massive gravity. Furthermore it has been shown that there are
no tertiary constraints in massive gravity [23], which means that there can be no tertiary constraints
in this theory either. So if the shift were also part of the phase space variables, there could not be
enough constraints to lead to only five physical degrees of freedom.
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We remove this dangerous term by imposing a = −b1. As a result, up to quartic
order the unique kinetic interaction that does not propagate more than five degrees of
freedom in four dimensions is simply the Einstein-Hilbert term
L(4)g.f.,Λ3+ADM = 4a [La − (Lb1 + 4Lb2)] = 4aLEH . (4.29)
In other words, any new kinetic interaction must vanish at quartic order or be exactly
degenerate with the Einstein-Hilbert term up to quartic order.
4.3 All orders no-go
Consider a generic nonlinear kinetic interaction, that begins at O(Hn) with n ≥ 5
L¯(der)n (Hµν) = Λ2der
∞∑
k=n
βk∂
2Hk = Λ2der
(L(der)n + sub-leading terms) , (4.30)
where all indices are raised and lowered with respect to the flat reference metric. We
emphasize that in this notation the index n denotes the order at which this new family
of kinetic interactions starts. No matter at which order it starts, we expect an infi-
nite number of subleading contributions to it, and so L¯(der)n (Hµν) is fully non-linear
and contains terms of all order k ≥ n. For the sake of the argument we separate out
the leading piece L(der)n which is genuinely nth-order from the sub-leading contributions.
For any L(der)n we think of L¯(der)n as its non-linear completion which satisfies Property 3.
Generically this term will propagate more than five degrees of freedom. As ex-
plained in section 2, in order for it to propagate five or fewer degrees of freedom, this
terms needs to satisfy Property 1: L(der)n cannot contain terms with more than two
derivatives on each field at the level of the equation of motion when performing a
linear Stu¨ckelberg decomposition (2.4).
The reason for this requirement was explained in section 2.1.1. To reiterate the
essence of the argument, at leading order in a new set of interactions, all fields can
be treated as if they were living on flat space and the linear Stu¨ckelberg decomposi-
tion (2.4) correctly identifies the propagating degrees of freedom (hµν as the helicity-2
mode, Aµ as the helicity-1 and π as the helicity-0 mode). It thus follows that if any of
these fields admits equations of motion with more than two derivatives (which cannot
be removed by substitution of the other field equations of motion), then there will be
a genuine higher-order Ostrogadsky instability signaling the presence of a new degree
of freedom in addition to the five expected ones, namely a BD ghost.
If L(der)n already satisfies Property 1, then we can ask the question of whether
or not it admits a non-linear completion L¯(der)n . In that case the linear Stu¨ckelberg
decomposition should be replaced by the non-linear one. For instance if βk+1∂
2Hk+1
is a subleading operator of L¯(der)n≤k , it can receive contributions from Stu¨ckelberg -ing
βk∂
2Hk, because of the non-linearity of the Stu¨ckelberg decompositon. So to perform
an analysis for any subleading term k > n of L¯(der)n one would need to use the non-
linear Stu¨ckelberg decomposition which correctly identifies the propagating degrees of
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freedom in the decoupling limit (and not beyond the decoupling limit), as explained
in section 4.1. This is the reason why Property 1 is only meaningful at leading order
in a new interaction and beyond its leading order it has to be replaced by Property 3
(which includes Property 2).
In more physical terms, all the hµν that appear in the leading order operator L(der)n
may be thought of as living on flat space. Thus it is a real physical degree of freedom
living on Minkowski, and so its equations of motion must be second order. Thus there
is no requirement that nh ≤ 1, for the leading order operator. When dealing with
terms at subleading orders, the non-linearities in h should be thought as arising from
the curved metric corrections of the leading order term, and so the fields are no longer
living on flat space, but rather on the dynamical metric η+ h and the Stu¨ckelberg de-
composition does no longer properly identifies the physical degrees of freedom (apart
in the decoupling limit, for instance the same issue occurs when dealing with massive
gravity on de Sitter [11].)
So to summarize, in order for L¯(der)n to have any chance of propagating no more
than five dofs, we must first ensure that L(der)n satisfies the Property 1 and the equations
of motion for h,A, π in (2.4) arising from this operator must be second order in time
derivatives.
However as we have seen, and as was argued in [2], in four dimensions, up to
total derivatives only L(der)2 and L(der)3 satisfy Property 1 and there are no other term
L(der)n with n ≥ 4. As a result there can be no new kinetic interactions that arise at
higher order. Furthermore we have seen that L(der)3 has no non-linear completion and
is thus not an acceptable term in a theory of gravity. Finally the only acceptable non-
linear completion of L(der)2 is the fully non-linear Einstein-Hilbert term. As a result in
four dimensions the only possible Lorentz-invariant term with two derivatives which is
consistent for a graviton is the Einstein-Hilbert term up to total derivatives.
4.4 No go for higher order derivative interactions
Finally we may also use this argument to establish that there are no new interactions
at higher orders in derivatives in D = 4, up to total derivatives (such as the standard
Gauss-Bonnet term)10. In [2] it was argued that the only term in D = 4 with more
than two derivatives that satisfies Property 1 is the linearization of the Gauss-Bonnet
term.
We can summarize the argument in [2] as follows: the general form of a term
satisfying Property 1 with d derivatives and nH powers of H in D dimensions is, up to
total derivatives,
L(der)d,n = εµ1···µd/2ν1···ν
′
D−d/2εµ
′
1
···µ′
d/2
ν′
1
···ν′
D−d/2
d/2∏
j=1
∂µj∂µ′jHνjν′j
nH∏
k=d/2+1
Hνkν′k
D−d/2∏
ℓ=nH+1
ηνℓν′ℓ
∼ εε(∂2H)d/2HnH−d/2ηD−nH−d/2 (4.31)
10The higher order Lovelock terms are not present because they vanish identically, not only up to
a total derivative, in D = 4.
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Clearly d must be even for L(der)d,n to be a scalar. In order that every derivative acts on
an H , we must have nH ≥ d (with equality signifying a total derivative), and in order
that every index on a derivative or an H be contracted with one of the epsilon tensors
we must have nH +d/2 ≤ D. For D = 4 the only possible solution to these constraints
with d > 2 is the total derivative combination with d = nH = 4, which is exactly the
leading order operator of the Gauss-Bonnet term
LGB = εµνρσεµ′ν′ρ′σ′∂µ∂µ′Hν′ν ∂σ∂σ
′
Hρ
′
ρ +O(H
3). (4.32)
This rules out any term with d ≥ 4. For d = 4, the above term is not the first
non-trivial term of a fully non-linear completion, since it is a total derivative. Thus
we would need a term with d = 4 and nH > 4 to be the first non-trivial term, and this
term would need to satisfy Property 1 (and we know that no such non-total derivative
terms exist). Similarly for d > 4 there are no (non-total derivative) terms that can
satisfy Property 1.
5 Discussion
The arguments presented in this paper constitute a no-go theorem stating that new
diffeomorphism-violating kinetic terms do not exist in metric formulation of massive
gravity, (when maintaining Lorentz invariance). In four dimensions, the only possible
term that can involve derivatives for a graviton (be it massive or massless) is the
Einstein-Hilbert term. In the context of a massless-spin-2 field this statement was
already well-known and was deduced using diffeomorphism invariance [30–34]. We
have now proven the equivalent for massive gravity. The unique theory for a massive
spin-2 field in four dimensions is
SmGR =
∫
d4x
(
√−gM
2
Pl
2
R −√−gΛ + M
2
Plm
2
4
4∑
n=2
αnL¯(m)n +
√−gLmatter(g, ψ)
)
,
where we have included a cosmological constant Λ and coupling to matter Lmatter.
This most general action for a graviton was derived assuming that there are no
more than five propagating degrees of freedom in the graviton. Interestingly, we find
that the only possible derivative term is nothing other than the standard Einstein-
Hilbert term which by itself only propagates two degrees of freedom (it would be the
mass term which would be responsible for the propagation of the three additional de-
grees of freedom in massive gravity). Thus we have recovered the uniqueness of the
Einstein-Hilbert term by requiring a much weaker condition than what is assumed in
General Relativity. This could have important consequences for the quantum stability
of a theory of massive gravity (see Refs. [44, 45]).
This result can be paralleled with that of Refs. [46, 47] where it was proven that
even if one breaks Lorentz invariance the only theory which remains spatially covariant
and does not propagate more than two degrees of freedom is General Relativity. These
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considerations add up to the realization that General Relativity and particularly the
Einstein-Hilbert term is extremely unique and special even beyond the requirement of
diffeomorphism invariance that is used in General Relativity. In other words we do not
need to assume diffeomorphism invariance to be led to the central importance of the
Riemann curvature in a theory of gravity.
The sets of possibilities considered in this paper were first motivated by Gauss-
Bonnet gravity and the fact that it is ghost-free [48]. However upon failure of this
approach we have considered the most general sets of derivative interactions which
(a) Respect Lorentz invariance.
(b) Are local and connect to flat space-time (i.e. admit flat space vacuum solu-
tion in the absence of a cosmological constant and matter) with no linearization
instability11.
(c) Can be formulated with a metric.
(d) Do not propagate more than five degrees of freedom.
Most of these requirements are intrinsic to the very definition of the notion of a spin-2
field and it is therefore difficult to avoid them. It is also hard to imagine terms with less
structure containing the necessary constraints to remove unwanted degrees of freedom.
We should emphasize that the difficulty we have found is the standard tension
that arises from demanding both Lorentz invariance and a theory propagating five
degrees of freedom. We could easily find sensible Lorentz-violating kinetic terms for
massive gravity (although not for massless gravity [46, 47]).
Another possible way out of these results would be to add additional ghost-free
degrees of freedom to the action. One such possibility could be accounted for by allow-
ing for the existence of torsion. We worked directly with the metric, however really we
should work directly with the vielbein when discretizing. The deconstruction approach
we followed amounts to assuming that the five-dimensional torsion-free expression for
the spin connection was satisfied before discretizing. It would be interesting to dis-
cretize in a first order form where ΩAB was kept as an independent variable, and solve
the equations after discretizing. If one is able to integrate out the connection, we
should be able to get back to the metric formulation and the results provided in the
paper would hold. If the degrees of freedom in the connection cannot be integrated
out without leading to non-localities, then the theory would genuinely have more than
five degrees of freedom. However it is possible that these degrees of freedom could be
healthy. This is a direction that could be explored.
11The latter rules out the often quoted exception of f(R) models. These models, which are better
interpreted as gravity and a scalar field, admit a linearization instability around Minkowski space-time
since perturbatively there would appear to be two degrees of freedom, but non-perturbatively there
are three.
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Finally we have been working in the metric language which is not always equiv-
alent to the vielbein formulation of massive gravity [49]. However when working with
Minkowski as a reference metric and assuming trivial vacuum solutions, the perturba-
tive analysis we have performed can be carried out in both formulations without any
differences.
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A Details of decoupling limit analysis
1.1 Cubic order
In this subsection we will give a more explicit explanation of the analysis at cubic order.
We start with the most general Lagrangian of the form ∂2H3, which after integrating
by parts and removing total derivative combinations can be put in the form
L(3)gen = b1Hµν∂µHρσ∂νHρσ + b2Hµν∂µHσ ν∂σH + b3Hµν∂µH∂νH
+ b4H
µν∂σH∂
σHµν + b5H∂µH∂
µH + b6H
µν∂ρHµσ∂
σHρ ν
+ b7H∂µHνσ∂
σHµν + b8H
µν∂ρHµσ∂
ρHσ ν + b9H∂µHνσ∂
µHνσ
+ b10H
µν∂σH
σ
µ∂ρH
ρ
ν + b11H
µν∂µH
ρ
ν∂σH
σ
ρ + b12H∂µH
µν∂σH
σ
ν
+ b13H
µν∂ρHµν∂
σHρσ + b14H∂
µH∂νHµν . (A.1)
All indices are raised and lowered with ηµν .
We then perform the nonlinear Stu¨ckelberg decomposition, given by (2.12), on
the whole Lagrangian L = aL(2)a +L(3)gen. We only keep interactions up to and including
the scale Λ3. This amounts to keeping terms that are
• Zeroth order in A and h
• First or Second order in A and Zeroth order in h
• First order in h and Zeroth order in A.
We vary the lagrangian and demand that all equations contain at most two derivatives.
This yields a set of constraints on the parameters. As an example, when varying the
Lagrangian with respect to π we find the term
δL
δπ
⊃ − 4
Λ53
[
a + 4b3 + 2b7 + 2b9
]
∂µ∂ν∂σh∂
µ∂ν∂σπ. (A.2)
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Demanding that this term vanishes puts a constraint on the parameters bj . Note that
the non-linearity of the Stu¨ckelberg decomposition forces the bj coefficients to depend
on a.
The system of constraints was found and solved using the Mathematica package
xAct [50]. After eliminating all interactions with higher derivative equations of motion,
the result is a three parameter family of cubic lagrangians that are ghost free up to
the scale Λ3 at cubic order.
L(3)g.f.,Λ3 = a
(L(2)a + L(3)a )+ b1L(3)b1 + b2L(3)b2
= −2aHµν Eˆαβµν Hαβ
+ b1H
µν∂µH
ρσ∂νHρσ + b2H
µν∂µH
σ
ν∂σH − b1Hµν∂µH∂νH
+ (2b1 − b2)Hµν∂σH∂σHµν +
(
−b1 + 1
2
b2 +
a
2
)
H∂µH∂
µH
+ (5b1 − b2 − a)Hµν∂ρHµσ∂σHρ ν +
(
b1 +
1
2
b2
)
H∂µHνσ∂
σHµν
+ (−2b1 + b2)Hµν∂ρHµσ∂ρHσ ν +
(
b1 − 1
2
b2 − 1
2
a
)
H∂µHνσ∂
µHνσ
+ (−3b1 + a)Hµν∂σHσ µ∂ρHρ ν − b2Hµν∂µHρ ν∂σHσ ρ
+
(
−3b1 + 1
2
b2 + a
)
H∂µH
µν∂σH
σ
ν + (−2b1 + b2)Hµν∂ρHµν∂σHρσ
+ (2b1 − b2 − a)H∂µH∂νHµν . (A.3)
This equation also serves to define L(3)a ,L(3)b1 ,L
(3)
b3
which appear in the main text,
L(2)a + L(3)a = L(3)g.f.,Λ3
∣∣∣
a=1,b1=0,b2=0
(A.4)
L(3)b1 = L
(3)
g.f.,Λ3
∣∣∣
a=0,b1=1,b2=0
(A.5)
L(3)b2 = L
(3)
g.f.,Λ3
∣∣∣
a=0,b1=0,b2=1
. (A.6)
This Stu¨ckelberg analysis is not a proof that the terms are ghost free. Indeed an ADM
analysis described in the main text shows that only the combination of parameters
corresponding to the Einstein-Hilbert term is ghost free. Rather, this is a necessary
condition.
1.2 Quartic order
We follow the same analysis described in the previous section. For completeness and
to fix the notation we show the important results. The most general Lagrangian of the
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form ∂2H4, after removing total derivatives, can be written in the form
L(4)gen = c1HαβHγ α∂βHδǫ∂γHδǫ + c2Hγ αHαβ∂γHδ β∂δH + c3Hγ αHαβ∂βH∂γH
+ c4HH
βγ∂βH∂γH + c5H
αβHγδ∂γH
ǫ
α∂δHβǫ + c6H
αβHγδ∂βH
ǫ
α∂δHγǫ
+ c7H
αβHγδ∂βHαγ∂δH + c8H
αβHγδ∂γHαβ∂δH + c9HH
βγ∂βH
δǫ∂γHδǫ
+ c10HH
βγ∂γH
δ
β∂δH + c11H
γ
αH
αβ∂δH∂
δHβγ + c12HH
βγ∂δH∂
δHβγ
+ c13HαβH
αβ∂δH∂
δH + c14H
2∂αH∂
αH + c15HH
βγ∂δH
δ
β∂ǫH
ǫ
γ
+ c16H
αβHγδ∂βHαγ∂ǫH
ǫ
δ + c17H
γ
αH
αβ∂γH
δ
β∂ǫH
ǫ
δ + c18HH
βγ∂γH
δ
β∂ǫH
ǫ
δ
+ c19HαβH
αβ∂γH
γδ∂ǫH
ǫ
δ + c20H
2∂γH
γδ∂ǫH
ǫ
δ + c21H
γ
αH
αβ∂δHβγ∂ǫH
ǫ
δ
+ c22HH
βγ∂δHβγ∂ǫH
ǫ
δ + c23HαβH
αβ∂δH∂ǫH
ǫ
δ + c24H
2∂δH∂ǫH
ǫ
δ
+ c25H
αβHγδ∂δHγǫ∂
ǫHαβ + c26H
αβHγδ∂ǫHγδ∂
ǫHαβ + c27H
αβHγδ∂δHβǫ∂
ǫHαγ
+ c28H
αβHγδ∂ǫHβδ∂
ǫHαγ + c29H
γ
αH
αβ∂γHδǫ∂
ǫHδ β + c30HH
βγ∂γHδǫ∂
ǫHδ β
+ c31H
γ
αH
αβ∂δHγǫ∂
ǫHδ β + c32HH
βγ∂δHγǫ∂
ǫHδ β + c33H
γ
αH
αβ∂ǫHγδ∂
ǫHδ β
+ c34HH
βγ∂ǫHγδ∂
ǫHδ β + c35HαβH
αβ∂δHγǫ∂
ǫHγδ + c36H
2∂δHγǫ∂
ǫHγδ
+ c37HαβH
αβ∂ǫHγδ∂
ǫHγδ + c38H
2∂ǫHγδ∂
ǫHγδ. (A.7)
By applying the nonlinear Stu¨ckelberg analysis as described in the previous sec-
tion, we obtain 36 constraints on the 38 parameters, that can be solved as expressed
in Table sol.c.
We define the two ‘new’ quartic Lagrangians which satisfy Property 2 as the ones
proportional to c1 and c2 respectively,
L(4)c1 = L(4)gen
∣∣∣
sol.c, a=0,b1=0,b2=0,c1=1,c2=0
(A.8)
L(4)c2 = L(4)gen
∣∣∣
sol.c, a=0,b1=0,b2=0,c1=0,c2=1
, (A.9)
and the extension of the previously found quadratic and cubic Lagrangians,
L(4)a = L(4)gen
∣∣∣
sol.c, a=1,b1=0,b2=0,c1=0,c2=0
(A.10)
L(4)b1 = L(4)gen
∣∣∣
sol.c, a=0,b1=1,b2=0,c1=0,c2=1
, (A.11)
L(4)b2 = L(4)gen
∣∣∣
sol.c, a=0,b1=0,b2=1,c1=0,c2=1
, (A.12)
We also define the full Lagrangians up to quartic order
La = L(2)a + L(3)a + L(4)a (A.13)
Lb1 = L(3)b1 + L
(4)
b1
(A.14)
Lb2 = L(3)b2 + L
(4)
b2
(A.15)
Lc1 = L(4)c1 . (A.16)
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Table sol.c. Relations between the c coefficients so that L(4) in (A.7) satisfies Property 2.
c3 = −c1
c4 =
1
4
(−a + 9b1 − 2b2 + 4c1)
c5 =
1
2
(−a + 7b1 − 2b2 + 4c1)
c6 =
1
2
(a− 7b1 + 2b2 − 4c1)
c7 =
1
4
(−2a + 18b1 − 5b2 + 8c1)
c8 =
1
2
(a− 7b1 + 2b2 − 4c1)
c9 =
1
4
(a− 9b1 + 2b2 − 4c1)
c10 = a− 5b1 + b2 − c2
c11 =
1
4
(−4b1 + b2 + 8c1 − 4c2)
c12 =
1
2
(−a + b1 − 4c1 + 2c2)
c13 =
1
8
(−a + b1 − 4c1 + 2c2)
c14 =
1
8
(b1 − b2 + 4c1 − 2c2)
c15 =
1
4
(−3a + 13b1 − 3b2 − 4c1)
c16 =
1
4
(5a− 35b1 + 10b2 − 16c1 + 2c2)
c17 =
1
4
(a+ 9b1 − 4b2 + 24c1 − 6c2)
c18 =
1
4
(−2a + 2b1 + b2 − 16c1 + 4c2)
c19 =
1
8
(a− 15b1 + 5b2 − 12c1 + 2c2)
c20 =
1
8
(−3a + 21b1 − 6b2 + 12c1 − 2c2)
c21 = b1 − 14b2 − 2c1 + c2
c22 =
1
2
(a− b1 + 4c1 − 2c2)
c23 =
1
4
(a− b1 + 4c1 − 2c2)
c24 =
1
4
(−b1 + b2 − 4c1 + 2c2)
c25 = −a + 5b1 − 32b2 + c2
c26 =
1
4
(a− 3b1 + b2 + 4c1 − 2c2)
c27 =
1
4
(−a + 7b1 − 2b2 + 16c1 − 6c2)
c28 =
1
4
(−a + 7b1 − 2b2 − 4c1 + 2c2)
c29 = −14a− 94b1 + b2 − 6c1 + 12c2
c30 =
1
4
(−2a + 18b1 − 5b2 + 16c1)
c31 = 2c1 − c2
c32 =
1
4
(a− 11b1 + 3b2 − 4c1 + 4c2)
c33 = −2c1 + c2
c34 =
1
2
(a− b1 + 4c1 − 2c2)
c35 =
1
8
(−3a + 17b1 − 5b2 + 4c1 + 2c2)
c36 =
1
8
(3a− 19b1 + 4b2 − 4c1 − 2c2)
c37 =
1
8
(a− b1 + 4c1 − 2c2)
c38 =
1
8
(−b1 + b2 − 4c1 + 2c2)
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